We present a conceptually simple, analytical calculation of the finite-size crossover spectrum of the anisotropic two-channel Kondo ͑2CK͒ model at its Toulouse point. We use Emery and Kivelson's method, generalized in two ways. First, we construct all boson fields and Klein factors explicitly in terms of the model's original fermion operators and, secondly, we clarify explicitly how the Klein factors needed when refermionizing act on the original Fock space. This enables us to follow the evolution of the 2CK model's free-fermion states to its exact eigenstates for arbitrary magnetic fields and spin-flip coupling strengths. We thus obtain an analytic description of the crossover of the finite-size spectrum to the non-Fermi-liquid fixed point, where we recover the conformal field theory results ͑implying a direct proof of Affleck and Ludwig's fusion hypothesis͒. From the finite-size spectrum we extract the operator content of the 2CK fixed point and the dimension of various relevant and irrelevant perturbations. Our method can easily be generalized to include various symmetry-breaking perturbations, and to study the crossover to other fixed points produced by these. Furthermore, it establishes instructive connections between different renormalization group schemes. We also apply our method to the single-channel Kondo model.
I. INTRODUCTION
One of the most intriguing aspects of a non-Fermi liquid ͑NFL͒ is that its elementary excitations are not simply related to the bare excitations of the non-interacting Fermi liquid; gaining an understanding of the nature of the elementary excitations of a NFL is thus an important conceptual challenge. The two-channel Kondo ͑2CK͒ model, introduced in 1980 by Nozières and Blandin, 1 is one of the simplest and most-studied quantum impurity models with NFL behavior, and offers the rare opportunity to address this question directly: it has both a free and a NFL fixed point, and the crossover between the two, including the change in the nature of the elementary excitations, can be analyzed exactly using the bosonization approach of Emery and Kivelson 2 
͑EK͒.
In the 2CK model two channels of spinful conduction electrons interact with a single spin 1/2 impurity via a local antiferromagnetic exchange interaction. In contrast to the single-channel Kondo ͑1CK͒ model, which has a stable infinite-coupling fixed point at which the conduction electrons screen the impurity spin completely, in the two-channel case the impurity spin is overscreened at infinite coupling, and the 2CK model's infinite-coupling fixed point is unstable. A stable NFL fixed point exists at intermediate coupling, and is characterized by a nonzero residual entropy and nonanalytical behavior for various physical quantities. The relevance of this model to physical systems is extensively reviewed in Ref. 3 .
In this paper, we use EK's method to perform a conceptually simple, analytic calculation of the finite-size crossover spectrum of the 2CK model between the free and the NFL fixed points, a result first reported in Ref. 4 . The calculation enables us to elucidate the nature of the NFL excitations at the fixed point in great and instructive detail, and to see explicitly how the symmetries of the NFL fixed point emerge as it is approached from the crossover region. Furthermore it establishes instructive connections between various popular renormalization group ͑RG͒ schemes, since it allows one to analytically illustrate their main ideas.
The two-channel Kondo model has of course already been studied theoretically by an impressive number of different methods, which are comprehensively reviewed in Ref. 3 . They include approximate methods such as multiplicative 1, 5, 6 and path-integral 7, 8 RG approaches and slave-boson methods; [9] [10] [11] effective models such as the so-called compactified model, [12] [13] [14] [15] which is partially equivalent to the 2CK model; the numerical RG ͑NRG͒; [16] [17] [18] and exact methods, such as the Bethe ansatz, [19] [20] [21] conformal field theory ͑CFT͒, 18, [22] [23] [24] and Abelian bosonization. 2, 4, [25] [26] [27] [28] [29] [30] Among the several exact approaches to solving the 2CK model, the one that in our opinion is the most simple and straightforward, is that introduced by Emery and Kivelson ͑EK͒, 2 who employ one-dimensional Abelian bosonization ͑pedagogically reviewed in Ref. 31͒ and refermionization to show that along the so-called Emery-Kivelson line ͑Toulouse point͒ the anisotropic 2CK model maps onto a quadratic resonant-level model. Since spin anisotropy is irrelevant for the 2CK Kondo model 18 ͑as also shown below͒, their work also yielded new insight into the generic behavior of the isotropic 2CK model.
Though the approach is constrained to the vicinity of the EK line, the latter is stable 32 and connects the Fermi-liquid and non-Fermi-liquid regimes, so that EK's method captures both the model's NFL behavior and the crossover from the free to the NFL fixed point. EK calculated a number of thermodynamic and impurity properties and also some electron correlation functions, and explained the NFL behavior by the observation that only ''one half'' of the impurity's Majorana degrees of freedom couples to the electrons. Although at the EK line the properties of the model are somewhat specific since the leading irrelevant operator vanishes along it, the generic behavior can easily be derived by perturbation theory in its vicinity. The EK method has since been fruitfully applied and generalized to several related quantum impurity problems. [25] [26] [27] [28] [29] Ye in particular showed how to use the EK method and simple scaling arguments 27 to identify easily the fixed points of various bosonizable quantum impurity models, including the k-channel spin anisotropic Kondo model, 27͑a͒ and how to calculate electronic correlation functions at these fixed points.
In a recent publication, 4 we have shown that the power of EK-bosonization can actually be increased even more ͓see points ͑i͒-͑vi͒ and ͑x͒-͑xii͒ below͔ by generalizing it to finite system size L. Though retaining terms of order 1/L naturally requires some additional technical effort, none of the conceptual simplicity of the EK approach is thereby lost. The present paper is devoted to presenting the calculations by which the results of Ref. 4 were obtained in explicit detail, and includes discussions of a number of subtleties and results not mentioned there.
The generalization to finite system size necessitates two important modifications relative to the work of EK. ͑1͒ While they use the field-theoretical approach to bosonization in which the bosonization relation ␣ j ӍF ␣ j e Ϫi ␣ j is used merely as a formal correspondence, we use the more careful constructive bosonization procedure of Haldane, 33, 31 where both the boson fields ␣ j and Klein factors F ␣ j are constructed explicitly from the original ␣ j operators, so that the bosonization formula becomes an operator identity in Fock space. ͑2͒ Since EK were interested mainly in impurity properties, they did not need to discuss at all the Klein factors F ␣ j ͓which lower the number of ␣ j electrons by one and ensure proper anticommutation relations for the ␣ j 's͔. However, as has been pointed out by several authors recently, 28, 31, 34, 35 these Klein may be extremely important in some situations, and they are essential for quantities like the finite-size spectrum or various electron correlation functions. 33, 4 Therefore it is crucial to specify how the new Klein factors of the refermionized operators act on the Fock space. As we shall see, these new Klein factors are only well defined on a suitably enlarged Fock space that also contains unphysical states, which must be discarded at the end using certain gluing conditions. With these modifications, EK's bosonization approach enables us by straightforward diagonalization of the quadratic resonant-level model ͑i͒ to analytically calculate the crossover of the 2CK model's finite-size spectrum from the FL to the NFL fixed point, at which we reproduce the fixed-point spectrum previously found by CFT using a certain fusion hypothesis ͑which we thereby prove directly͒; ͑ii͒ to construct the eigenstates of the 2CK model corresponding to this crossover spectrum explicitly, thereby elucidating the nature of the NFL excitations; and ͑iii͒ to extract the operator content of the NFL fixed point and determine the dimensions of different relevant and irrelevant operators. We also prove that the leading irrelevant operator is missing along the EK line but is present away from it. Since our method works also in the presence of an arbitrary magnetic field ͑unlike CFT͒, we can also ͑iv͒ investigate how a finite magnetic field destroys the NFL spectrum for the low-energy excitations of the model and restores the FL properties. ͑v͒ Furthermore, our finite-size bosonization approach can easily be related to various popular RG methods; it therefore not only provides a useful bridge between them, but can potentially be used as a pedagogical tool for analytically illustrating their main ideas. ͑vi͒ For completeness, we also construct the analytical finite size spectrum of the single channel Kondo model, and calculate the crossover between its weak and strong coupling Fermi liquid fixed points.
In a future publication 36 we shall show that EK's method furthermore allows one ͑vii͒ to construct very easily the scattering states of the model; ͑viii͒ to verify explicitly the validity of the bosonic description of the NFL fixed point worked out in Refs. 30 and 27; ͑ix͒ to determine the fixed point boundary conditions at the impurity site for the different currents and fields in a very straightforward way, ͑x͒ as well as the leading corrections to these; ͑xi͒ to calculate all correlation functions at and around the NFL fixed point; and ͑xii͒ to clarify the role of the dynamics of Klein factors in correlation functions. ͓Although ͑vii͒ to ͑ix͒ can also be obtained in a system of infinite size, ͑x͒ to ͑xii͒ turn out to depend crucially on the finite-size results of the present paper.͔ This implies that all CFT results can be checked from first principles using bosonization.
The paper is organized as follows. In Sec. II we define the 2CK model to be studied. For completeness, and since the proper use of Klein factors is essential, Sec. III briefly reviews the ''constructive'' ͑operator identity-based͒ approach to finite-size bosonization used throughout this paper. The Emery-Kivelson mapping onto a resonant-level model is discussed in Sec. IV, using our novel, more explicit formulation of refermionization within a suitably extended Fock space. The solution of the resonant level model and the construction of the NFL spectrum using generalized gluing conditions is presented in Sec. V. In Sec. VI the results of our finite-size calculations are compared with and interpreted in terms of various RG procedures. In Sec. VII we show the finite-size spectrum for the 1CK model. Finally, in Sec. VIII we summarize our conclusions.
The centerpiece of the main text is our uncommonly careful and detailed finite-size formulation of the EK mapping.
Technicalities not related to this mapping are relegated to four Appendixes ͑see Ref. 37͒. Appendix A discusses in some detail matters related to the choice of an ultraviolet cutoff, and also gives the often-used position-space definition of the 2CK model, to facilitate comparison with our momentum-space version. The construction of the extended Fock space needed for refermionization is discussed in Appendix B, and the technical details used to diagonalize the resonant-level model and to calculate several of its properties are given in Appendix C. Finally, in Appendix D we present our finite-size bosonization calculation for the one-channel Kondo model as well.
II. DEFINITION OF THE MODEL
Throughout the main part of this paper we shall use the standard 2CK Hamiltonian in momentum space. We consider a magnetic impurity with spin 1/2 placed at the origin of a sphere of radius RϭL/2, filled with two species of free, spinful conduction electrons, labeled by a spin index ␣ ϭ(↑,↓)ϭ(ϩ,Ϫ) and a channel or flavor index jϭ (1, 2) ϭ (ϩ,Ϫ). We assume that the interaction between the impurity and the conduction electron is sufficiently short-ranged that it involves only s-wave conduction electrons, whose kinetic energy can be written as
The operator c k␣ j † creates an s-wave conduction electron of species (␣ j) with radial momentum kϵ pϪp F relative to the Fermi momentum p F , and the dispersion has been linearized around the Fermi energy F : k Ϫ F Ϸk. The colons in Eq. ͑1͒ denote normal ordering with respect to the free Fermi sea or ''vacuum state'' ͉0 ជ ͘ 0 :
The c k␣ j 's obey standard anticommutation relations 
Here P 0 ϭ0 or 1, since at zero temperature the chemical potential ͑and hence p F ) must either coincide with a degenerate level ( P 0 ϭ0) or lie midway between two of them ( P 0 ϭ1). The level spacing in both cases is
The s-wave conduction electrons can also be described by a one-dimensional chiral field
͑6͒
In the continuum limit L→ϱ, the xϾ0 and xϽ0 portions of ␣ j (x) can be associated with the incoming and outgoing scattering states, respectively. Note that for P 0 ϭ0 or 1 the fields ␣ j (x) have periodic or antiperiodic boundary conditions at xϭϮL/2, respectively, hence P 0 will be called the ''periodicity parameter.' ' We assume a short-ranged anisotropic exchange interaction between the impurity spin and the s-wave conduction electron spin density at the origin of the form
Here the S (ϭx,y,z) are the impurity spin operators, with S z eigenvalues (⇑,⇓)ϭ( where h i and h e denote the magnetic fields acting on the impurity and conduction electron spins, respectively, and N s denotes the total spin of the conduction electrons.
Since the constructive bosonization method requires an unbounded spectrum, the fermion bandwidth cutoff is removed ͑i.e., taken to be infinite͒ in the equations above. This ultraviolet cutoff will only be restored when we define the new Bose fields in Eq. ͑13͒ below.
III. BOSONIZATION BASICS
The key to diagonalizing the Hamiltonian is to find the relevant quantum numbers of the problem and to bosonize the Hamiltonian carefully. While bosonization is a widely used technique, the so-called Klein factors mentioned in the Introduction are often neglected or not treated with sufficient care. In the present section we therefore discuss our bosonization approach in somewhat more detail than usual, formulating it as a set of operator identities in Fock space, and emphasizing in particular the proper use of Klein factors to ladder between states with different particle numbers in Fock space.
A. Bosonization ingredients
As a first step we introduce the operators
which count the number of electrons in channel (␣ j) with respect to the free electron reference ground state ͉0 ជ ͘ 0 . The nonunique eigenstates of N ␣ j will generically be denoted by 
where qϭ2n q /LϾ0 and the n q are positive integers. The operators b q␣ j † create ''density excitations'' with momentum q in channel ␣ j, satisfy standard bosonic commutation relations, and commute with the N ␣ j 's:
͑11͒
Among all states ͉N ជ ͘ with given N ជ , there is a unique state, to be denoted by ͉N ជ ͘ 0 , that contains no holes and thus has the defining property
͑12͒
We shall call it the ''N ជ -particle ground state,'' since in the absence of interactions no ͉N ជ ͘ has a lower energy than ͉N ជ ͘ 0 ; likewise, no ͉N ជ ͘ 0 has a lower energy than the ''vacuum state'' ͉0 ជ ͘ 0 defined in Eq. ͑2͒. Note, though, that if P 0 ϭ0, the states c 0␣ j ͉0 ជ ͘ 0 are degenerate with ͉0 ជ ͘ 0 , because then c 0␣ j removes a zero-energy electron. Any N ជ -electron state ͉N ជ ͘ can be written as ͉N ជ ͘ϭ f (b † )͉N ជ ͘ 0 , i.e., by acting on the N ជ -electron ground state with an appropriate function of electron-hole creation operators.
33,31
Next, we define bosonic fields by
Here aϳ1/p F is a short-distance cutoff; it is introduced to cure any ultraviolet divergences the theory may have acquired by taking the fermion bandwidth to be infinite. It is well known, however, that within this bosonization cutoff scheme the coupling constants have different meanings than for other standard regularization schemes using a finite fermion bandwidth, and that the relations between coupling constants in different regularization schemes can be found by requiring that they yield the same phase shifts. This and other cutoff related matters are discussed in Appendix A. 37 The fields ‫ץ‬ x ␣ j (x) are canonically conjugate to the
͑14͒
where ␦ a (x)ϭa/(x 2 ϩa 2 ) is the smeared delta function. As final bosonization ingredient, we need the so-called Klein factors F ␣ j , which ladder between states with different N ␣ j 's. By definition, the F ␣ j 's are required to satisfy the following relations:
These relations imply that F ␣ j (F ␣ j † ) decreases ͑increases͒ the electron number in channel ͕␣ j͖ by one without creating particle-hole excitations. As shown in Refs. 33 or 31, the construction
, which explicitly expresses F ␣ j in terms of the fermion operators c k␣ j , has all the desired properties.
B. Bosonization identities
Any expression involving the fermion operators c k␣ j can be rewritten in terms of the the Klein factors F ␣ j and boson fields ␣ j defined above. In our notation, the standard bosonization identities 33 for the fermion field, density and kinetic energy take the following forms:
Several comments are in order: ͑i͒ in the limit a→0 Eqs. ͑16͒ to ͑18͒ are not mere formal correspondences between the fermionic and bosonic expressions, but hold as rigorous operator identities in Fock space. For a 0, they should be viewed as conveniently regularized redefinitions of the fermion fields and densities ͑see 37 Appendix A 2͒. ͑ii͒ The Klein factors F ␣ j in Eq. ͑16͒ play a twofold role: First, by Eq. ͑15a͒ they ensure that the right-hand side of Eq. ͑16͒ acting on any state indeed does lower the number of ␣ j electrons by one, just as ␣ j does; and secondly, by Eqs. ͑15d͒ and ͑15e͒ they ensure that fields with different (␣ j)'s do have the proper anticommutation relations ͑6͒. ͑iii͒ In Eqs. ͑18͒ the first ⌬ L term is just 0 ͗N ជ ͉H 0 ͉N ជ ͘ 0 , the energy of the N ជ -particle ground state ͉N ជ ͘ 0 relative to ͉0 ជ ͘ 0 . Since the Klein factors do not commute with this term, they evidently cannot be neglected when calculating the full model's finitesize spectrum, for which all terms of order ⌬ L must be retained. The second term of Eq. ͑18͒ describes the energy of electron-hole excitations relative to ͉0 ជ ͘ 0 .
IV. EMERY-KIVELSON MAPPING
In this section, we map the 2CK model onto a resonant level model, using a finite-size version of the strategy invented by Emery and Kivelson: using bosonization and refermionization, we make a unitary transformation to a more convenient basis, in which the Hamiltonian is quadratic for a certain choice of parameters.
A. Conserved quantum numbers
The quantum numbers N ␣ j of Eq. ͑9͒ are conserved under the action of H 0 , H h , and H z ͑the z term of H int ϵH z ϩH Ќ ), but fluctuate under the action of the spin-flip interaction H Ќ ͑the Ќ term͒. On the other hand, the total charge and flavor of the conduction electrons is obviously conserved by all terms in the Hamiltonian, including H Ќ . Therefore it is natural to introduce the following new quantum numbers:
where 2N c , N s , and N f denote the total charge, spin, and flavor of the conduction electrons, and N x measures the spin difference between channels 1 and 2. Clearly, any conduc-tion electron state ͉N ជ ͘ can equally well be labeled by the
However, whereas the N ␣ j 's take arbitrary independent integer values, the N ជ 's generated by Eq. ͑19͒ ͑with N ជ Z 4 ) can easily be shown to satisfy the following free gluing conditions:
4 , ͑20a͒
where the parity index P equals 0 or 1 if the total number of electrons is even or odd, respectively. Equation ͑20a͒ formalizes the fact that the addition or removal of one ␣ j electron to or from the system changes each of the N y 's by Ϯ1/2, so that they are either all integers or all half-integers. Equation 
is conserved. In contrast, N x fluctuates ''wildly,'' because an appropriate succession of spin flips can produce any N x that satisfies Eq. ͑20b͒, as illustrated in Fig. 1 . This wildly fluctuating quantum number will be seen below to be at the heart of the 2CK model's NFL behavior. In revealing contrast, the 1CK model, which shows no NFL behavior, lacks such a wildly fluctuating quantum number ͑see Appendix D͒. Since S T , N c , and N f are conserved, the Fock space F phys of all physical states can evidently be divided as follows into subspaces invariant under the action of H:
͑23͒
In both equations the prime on the sum indicates a restriction to those N y 's that satisfy the free gluing conditions ͑20͒. To diagonalize the Hamiltonian for given S T , N c , and N f , it evidently suffices to restrict one's attention to the corresponding subspace S phys (S T ,N c ,N f ).
B. Emery-Kivelson transformation
Following Emery and Kivelson, we now introduce, in analogy to Eq. ͑19͒, new electron-hole operators and boson fields via the transformations
where R y,␣ j is the unitary matrix in Eq. ͑19͒. These obey relations analogous to Eqs. ͑11͒ and ͑14͒, with ␣ j→y. Moreover, we define ͉N ជ ͘ 0 , the N ជ -particle vacuum state, to satisfy b qy ͉N ជ ͘ 0 ϭ0, as in Eq. Using the quantum numbers N y and the bosonic fields y (x), the H 0 of Eq. ͑18͒ becomes
͑25͒
while Eqs. ͑17͒ and ͑16͒ are used to obtain, respectively,
Equations ͑25͒-͑27͒ and ͑8͒ constitute the bosonized form of the Hamiltonian for the anisotropic 2CK model, up to and including terms of order ⌬ L . Next we simplify H z . It merely causes a phase shift in the spin sector, which can be obtained explicitly using a unitary transformation ͑due to EK͒ parametrized by a real number ␥, to be determined below:
The impurity spin, spin-diagonal part of H, spin boson field and fermion fields then transform as follows ͑using, e.g., the identities in Appendix C of Ref. 31͒:
Under a succession of spin flips, N s fluctuates mildly between S T ϯ1/2 ͑here S T ϭ1/2); in contrast, N x fluctuates wildly, since it can acquire any value consistent with the gluing conditions ͑20͒. The dotted line represents the reference energy 0 up to which the free Fermi sea is filled for P 0 ϭ1, the filled and empty circles represent filled and empty single-particle states with energy k, which increases from left to right.
Equation ͑30͒ is most easily derived in the momentum-space representation, but for Eq. ͑31͒, the position-space representation is more convenient ͓first evaluate U‫ץ‬ x s (x)U Ϫ1 using Eq. ͑14͒, then integrate͔. Equation ͑32͒ follows from Eq. ͑31͒, since ␣ j ϰe Ϫi␣ s /2 . Recalling that ‫ץ‬ x s (x)/2 contributes to the conduction electron spin density, we note by differentiating Eq. ͑31͒ that the EK transformation produces a change in the spin density of Ϫ2␥S z ␦ a (x)/2, and thus ties a spin of Ϫ␥S z from the conduction band to the impurity spin S z .
To eliminate the S z ‫ץ‬ x s term in Eq. ͑30͒, we now choose ␥ϵ z ; then the spin-flip-independent part of the Hamiltonian takes the form 
͑34͒
We shall henceforth focus on the case z ϭ1, which will enable us to diagonalize the model exactly by refermionization. Deviations from the EK line will be shown in Sec. VI C to be irrelevant, by taking ␥ϭ1 but z ϭ1ϩ␦ z , and doing perturbation theory in
͑35͒
The crucial property of the EK line is that it contains the NFL intermediate-coupling fixed point. A Heuristic way to see this it to note that on the EK line, the impurity spin is in fact ''perfectly screened:'' the spin Ϫ␥S z from the conduction band, that is tied to the impurity by the EK transformation, is equal to ϪS z if ␥ϭ z ϭ1. It thus precisely ''cancels'' the impurity's spin S z , and forms a ''perfectly screened singlet'' with zero total spin ͑without breaking channel symmetry͒, in agreement with the heuristic arguments of Nozières and Blandin. 1 Of course, there are more rigorous ways of seeing that the NFL fixed point lies on the EK line. First, for z ϭ1 it follows from Eq. ͑32͒ that the phase shift ␦ of the outgoing relative to the incoming fields, defined by
, is ͉␦͉ϭ/4, which is just the value known for the NFL fixed point from other approaches. 7, 18 Secondly, we shall deduce in Sec. VI C from an analysis of the finite-size spectrum that the leading irrelevant operators with dimensions 1/2 vanish exclusively along this line, but not away from it. Since the presence or absence of the leading irrelevant operators strongly influences the low-temperature properties of the model such as its critical exponents, 2, 26 and since these must stay invariant under any RG transformation, one concludes that the EmeryKivelson line must be stable under RG transformations. 
͕F y ,F y Ј ͖ϭ0 for y yЈ. 37 Since odd products of F y 's lead out of F phys , they cannot be expressed in terms of the original Klein factors F ␣ j , which leave F phys invariant. However, the Hamiltonian contains only even products of old Klein factors. Now, any combination
of Klein factors just changes two of the N ␣ j quantum numbers. Using Eq. ͑19͒ to read off the corresponding changes in N y , we can thus make the following identifications between pairs of the old and new Klein factors:
These relations, which each involve an arbitrary choice of sign, can be used to express any product of two old Klein factors in terms of two new ones, e.g.,
Since relations ͑37͒ by construction respect Eq. ͑19͒ ͑as can be checked by acting on any ͉N ជ ͘), they, and all similar bilinear relations derived from them, also respect both free gluing conditions ͑20͒.
We can thus replace the Klein factor pairs occurring in Eq. ͑34͒ by the ones in Eq. ͑37a͒:
The only consequence of this change is that we now work in the extended Fock space F ext , and will diagonalize HЈ not in the physical invariant subspace S phys (S T ,N c ,N f ) of Eq. ͑23͒, but in the corresponding extended subspace 38 of representing a spin operator via pseudofermions acting in an enlarged Hilbert space, and projecting out unphysical states at the end.
Pseudofermions and refermionized Hamiltonian
We now note that H Ќ Ј of Eq. ͑38͒ can be written in a form quadratic in fermionic variables
by defining a local pseudofermion c d and a pseudofermion field x (x) by the following refermionization relations:
where Eq. ͑41b͒ defines the c k x as Fourier coefficients of the field x (x). For reasons discussed below, the field x in Eq. ͑41a͒ has been defined in such a way that its boundary condition at ϮL/2 is P dependent, since N x Zϩ P/2 and x (x) is a periodic function. Thus the quantized k momenta in the Fourier expansion ͑41b͒ must have the form
The new pseudofermions were constructed in such a way that they satisfy the following commutation-anticommutation relations:
which follow directly from the properties of x and Eqs. ͑36͒. Note that c d lowers the impurity spin, raises the total electron spin N s and hence conserves the total spin S T , whereas x conserves each of the impurity, electron and total spins. To relate the number operator for the new x-pseudofermions to the quantum number N x , we must define a free reference ground state, say ͉0͘ S ext , in the extended subspace S ext , with respect to which the number of pseudofermions are counted. In analogy to Eq. ͑2͒, we define it by
Here d , whose value will be derived below ͓see Eq. ͑52͔͒, is the energy of the c d pseudofermion, and n d (0) denotes its occupation number in the reference ground state ͉0͘ S ext . Using colons to henceforth denote normal ordering of the pseudofermions with respect to ͉0͘ S ext , we have :c d † c d :
. Furthermore, we define the number operator for the x pseudofermions by N x ϵ ͚ k :c k x † c k x :. Then
holds as an operator identity. This can be seen intuitively by noting that x ϳF x ϳc k x ͓by Eq. ͑41͔͒, hence the application of x ͑or x † ) to a state decreases ͑or increases͒ both N x and N x by one. These two numbers can thus differ only by a constant, which must ensure that N x is an integer. Our definition ͑46͒ of ͉0͘ S ext effectively fixes this constant to be P/2, by setting N x ϭ0 for N x ϭ P/2 ͑see Appendix A 3 for a rigorous argument 37 ͒. We are now ready to refermionize the Hamiltonian HЈ. The kinetic energy of the k pseudofermions obeys
an operator identity which follows by analogy with Eqs. ͑1͒
and ͑18͒ ͑also see 37 Appendix A 3͒. Now note that N x (N x ϩ P)ϭN x 2 Ϫ P/4, i.e., Eq. ͑48͒ does not contain a term linear in N x . Actually, the choice of the phase e Ϫi(N x Ϫ1/2)2x/L in our refermionization ansatz ͑41a͒ for x (x) was made specifically to achieve this. Hence Eq. ͑48͒ can be directly used to represent the kinetic energy of the x sector in Eq. ͑25͒ in terms of c k x fermions:
As a check, note that this equation also follows from the following observations. First, the equation of motion for the field x (x), expressed as Eq. ͑41a͒ or ͑41b͒, is the same when calculated using Eq. ͑49a͒ or ͑49b͒, respectively, and therefore the latter two expressions can differ only by a constant; and secondly, this constant can be determined to be 
The charge, spin, and flavor degrees of freedom in H cs f evidently decouple completely. H x in Eq. ͑52͒ has the form of a quadratic resonant level model whose ''resonant level'' has energy d and width ⌫, where d ϵh i Ϫh e is the energy cost for an impurity spin-flip, and ⌫ϵ Ќ 2 /4a, which will be identified below as the Kondo temperature.
E G is the ''free ground state energy'' of the subspace S ext in the presence of magnetic fields. Its S T h e term implies that the magnetic fields do not enter only in the combination h i Ϫh e of d , thus the role of the magnetic field h e applied to the conduction electrons is somewhat different from that of the local field h i . Note though, that for h e ϭ2n⌬ L ͑with n Z) the S T h e term can formally be absorbed ͑up to a total energy shift͒ by introducing a ''new total spin''
2 ⌬ L . Now, since the construction of the complete finite-size spectrum involves enumerating all possible values of S T , and since the generalized gluing condition ͑69͒ to be derived below is invariant under S T →S T ϩ2n, the finite-size spectrum for h e ϭ2n⌬ L and a local field h i ͑so that d ϭh i Ϫ2n⌬ L ) will be identical to that for h e ϭ0 and a local field of h i Ϫ2n⌬ L ͑so that d is unchanged͒. The origin of this ''periodicity'' is that as h e increases, at each value 2n⌬ L a ''level crossing'' occurs in which the free-electron ground state changes from, say, ͉N c ,N s ,N f ,N x ͘ 0 to a new one differing from it only in the spin quantum number, namely, ͉N c ,N s Ϫ2,N f ,N x ͘ 0 , by flipping the topmost spin-↑ electrons in both channels j ϭ1,2 to ↓.
For general values h e 2n⌬ L , there is no such symmetry ͑essentially since electron-hole symmetry in the spin sector is lost͒, and the corresponding finite-size spectrum differs from that at the periodicity points in that some additional splittings of states occur. 39 For simplicity we henceforth set h e ϭ0 and consider only a local magnetic field, with d ϵh i , but the more general case h e 0 can be treated completely analogously.
V. FINITE-SIZE SPECTRUM OF 2CK MODEL

A. Diagonalization of H x
Since H cs f is trivial, we just have to diagonalize the resonant level part H x in the extended subspace S ext (S T ,N c ,N f ), which is straightforward in principle, since H x is quadratic. However, special care is needed regarding normal ordering: the change in ground state energy due to the interaction turns out to be of order Ϫ⌫, and the subleading ͑state-dependent͒ contributions of order ⌬ L relative to this energy have to be extracted carefully when constructing the finite-size spectrum.
As first step, we define new fermionic excitations, whose energies are strictly non-negative,
where the ␤ k 's decouple completely from the impurity:
Here the possible k values are given by Eq. ͑42͒, and the hybridization amplitudes V k by
͑56͒
Note that in Eq. ͑54͒ we purposefully defined ␣ n † and ␤ k † such that the free reference ground state ͉0͘ S ext , by Eq. ͑46͒, 
where ␦E G denotes the ground state energy shift of the interacting vacuum ͉0 ͘ S ext , defined as
͑59͒
The non-negative eigenenergies and the coefficients B n are determined from the usual relations
͑60͒
These are solved explicitly in Appendix C, 37 with the following results. The excitation energies are the non-negative roots of the transcendental equation
and the ground state energy shift is
For Ͼ0, the coefficients B n are given by
where the normalization factor () is
͑64͒
For ϭ0, the coefficients B 0n must be considered separately and are given in Appendix C 2 b. 37 Equations ͑51͒, ͑53͒, ͑57͒, and ͑61͒-͑64͒, together with the gluing conditions ͑69͒ discussed in the next subsection, constitute a complete, analytic solution of the 2CK model along the EK line.
B. Evolution of excitation energies
The eigenvalue equation ͑61͒ is a central ingredient of our analytical solution, since it yields the exact excitation energies of H x , and also allows one to explicitly identify the various crossover scales of the problem. Let the label j ϭ0,1,2, . . . , enumerate, in increasing order, the solutions j, P of Eq. ͑61͒ in a sector with parity P. Their smooth evolution as functions of ⌫ and ͉ d ͉ can readily be understood by a graphical analysis of Eq. ͑61͒, and is shown in Figs. 2͑a͒ and 2͑b͒ for Pϭ0 and 1, respectively. All but the lowest-lying jϭ0 solutions can be parametrized as
where ␦ j, P ͓0,1͔ is the shift of j, P /⌬ L from its ⌫ϭ d ϭ0 value and is determined self-consistently by
with T h ϵ d 2 /⌫. The lowest-lying modes are given by
͑see also Appendix 37 C 2 b͒. Equation ͑65b͒ shows very nicely that ⌫ and T h are crossover scales: First, in the absence of magnetic fields, i.e., for ͉ d ͉ϭ͉h i ͉ϭT h ϭ0, the spectral regime below ⌫ is strongly perturbed ͓␦ j, P Ӎ1/2 for j, P Ӷ⌫], whereas above ⌫ it is only weakly perturbed ͓␦ j, P Ӎ0 for j, P ӷ⌫]. It is thus natural to identify the crossover scale ⌫ with the Kondo temperature T K Ӎ⌫.
Secondly Table  II with excitations in the charge, spin, and flavor sectors to obtain the evolution of the full finite-size spectrum shown in Fig. 3. and ӶT h . In the last of these regimes ͑rightmost part of Fig. 2͒ , the set of lowest-lying 's is identical to that for the free case T h ϭ0, ⌫ϭ0 ͑leftmost part of Fig. 2͒ , except that the free case has one more ϭ0 mode, reflecting the impurity's twofold degeneracy due to spin reversal symmetry for ͉h i ͉ϭ0. Since at a finite temperature physical quantities are governed mostly by excitations of energy ϳT, they will show NFL behavior for ⌫ӷTӷT h and Fermi liquid behavior for Tӷ⌫ or TӶT h . 2, 19, 26, 40 
C. Generalized gluing conditions
Next, we clarify how the exact many-body eigenstates of the full Hamiltonian are to be constructed from the various excitations in the c, s, f, and x sectors. A general eigenstate of H cs f ϩH x in S ext has the form
͑67͒
where the proportionality sign indicates that excitations in the c, s, and f sectors are not shown explicitly. However, as emphasized earlier, of all such states only those in the physical subspace S phys must be retained, and all others discarded as being unphysical. To identify which ͉Ẽ ͘ are physical, we now derive a generalized gluing condition satisfied by them that relates the parity of the number of ␣ † and ␤ k † excitations in ͉Ẽ ͘ to its quantum numbers N c , N f , and S T in the c, f, and s sectors. To this end, we note that ͉Ẽ ͘ can be physical only if the state ͉E͘ϵlim ⌫→0 ͉Ẽ ͘, to which it reduces when ⌫ is adiabatically switched off, satisfies the free gluing conditions ͑20͒. The key to the derivation is the fact that although the hybridization interaction H Ќ Ј of Eq. ͑39͒ does not conserve the number of ␣ n † excitations, it does conserve the parity of their number.
To be explicit, let P Ẽ be the the parity of the number of excitations of ͉Ẽ ͘ relative to ͉0 ͘ S ext :
During the adiabatic switch-off of ⌫, this quantity of course remains fixed, and hence equals P Ẽ (⌫→0). This in turn can be written as
The first equation follows because the hybridization interaction preserves the parity of the excitation numbers; the second follows because the c k x † excitations counted by N x are linear combinations of ␣ k , ␣ k † , ␤ k , and ␤ k † ; and the third follows from Eq. ͑47͒ for N x and Eqs. ͑54c͒, ͑40͒, and ͑21͒
for ␣ d . Imposing now the condition that ͉E͘ must be in S phys and hence satisfy Eq. ͑20b͒, we obtain
This generalized gluing condition specifies which of all the possible states in S ext are physical, i.e., are in S phys ; it supplements the free gluing condition ͑20a͒, which stipulates that S T Ϯ1/2 must be integer ͑half-integer͒ if N c and N f are integer ͑half-integer͒.
D. Ground state energy shift
The form of Eq. ͑62͒ for the change in ground state energy ␦E G suggests that it can be interpreted as the dynamical binding energy of the impurity spin, which results from the impurity-induced energy shifts of all the states in the filled Fermi sea. ͓The factor 1/2 in Eq. ͑62͒ reflects the fact 2,41 that only ''half'' of the x-pseudofermion field, namely, x ϩ x † , couples to the impurity in Eq. ͑39͒, while x Ϫ x † remains free.͔ For d ϭ0, the number of levels strongly shifted by the interaction is ͓by Eq. ͑65b͔͒ of order ⌫/⌬ L , and each of these gets shifted roughly by ⌬ L /2; we can thus estimate that the binding energy ͉␦E G ͉ will be of order ⌫ϳT K .
However, since the level shifts ⌬ L ␦ j, P also have a P-dependence of order ϳ⌬ L 2 /⌫ ͓from Eq. ͑65b͔͒, the total ground state energy shift ␦E G will have a P dependence too, of order ϳ⌬ L . We therefore write
where the first term is P independent and hence gives only an overall energy shift. In contrast, ␦E G P affects the finite-size spectrum since it shifts the odd electron states ( Pϭ1) relative to even electron states ( Pϭ0), and hence must be evaluated with particular care. This is done in Appendix C 4, 37 where we find, for ⌫/⌬ L ӷ1,
Here Dӷ⌫,T h is a cutoff needed to regularize the sums in Eq. ͑62͒. Note that for T h ϭ0, Eq. ͑72͒ is consistent with the estimate for ␦E G above, since DӍ1/a and ⌫ϭ Ќ 2 /4a. For T h ӷ⌫, the magnetic field ͉ d ͉ takes over as lower energy scale in the logarithm instead of ⌫.
E. Construction of the finite-size spectrum
Now we are finally ready to construct the finite-size many-body excitation spectrum of the 2CK model. In doing so, we shall generally use calligraphic E's to denote dimensionless energies measured in units of ⌬ L . Specifically, we shall construct the dimensionless energies
associated with the lowest few exact many-body eigenstates ͉Ẽ ͘ of the full Hamiltonian HЈ of ͑50͒, measured relative to its ground state energy Ẽ min . For the sake of simplicity we only consider the case with periodicity index P 0 ϭ1 ͓see Eq. ͑3͔͒, for which the ␣ j 's have anti-periodic boundary conditions. In this case the free ground state in the electronic sector is unique, namely, ͉0 ជ ͘ 0 , which somewhat simplifies the counting of states. ͑Of course, one can use the same procedure for P 0 ϭ0, with similar results.͒ The construction proceeds in three steps: we first evolve toward the EK line, second evolve along the EK line, and third turn on a local magnetic field. The results are summarized in Fig. 3 and Table I . For technical details of the construction, see Fig. 5 and Table II in Appendix C 5. 37 Here we just state the main ideas.
͑i͒ Phase-shifted spectrum. For z ͓0,1͔ at Ќ ϭ d ϭ0, the impurity has no dynamics, thus the spectrum is that of a free-electron Fermi liquid with a S z -dependent phase shift in the spin sector, given by HЈ( Ќ ϭ0) of Eq. ͑33͒. It evolves linearly with increasing z , from E free at z ϭ0 to E phase at z ϭ1, see Fig. 3͑a͒ . ͑ii͒ Crossover spectrum. Next we study the spectrum along the EK line for ⌫/⌬ L ͓0,ϱ) at z ϭ1, d ϭ0. To this end one first has to enumerate the lowest-lying physical eigenstates ͉Ẽ ͘ of the full Hamiltonian HЈ in terms of the excitations ␣ j, P † , ␤ k † and b qy † which diagonalize it, and follow the evolution with increasing ⌫/⌬ L of the excitation energies j, P ͑shown in Fig. 2͒ , and of the ground state energy shift ␦E G P ͓see Eq. ͑71͔͒. This yields the crossover shown in Fig. 3͑b͒ from the phase-shifted to the NFL fixed point spectrum, consisting of a set of universal, dimensionless energies defined by
Satisfyingly, the spectrum of E NFL energies found in Fig. 3͑b͒ and Table I ͑degeneracies are given in brackets͒ coincides with the ones obtained in NRG and CFT calculations. 16, 18, 22, 23 This constitutes a direct and straightforward analytical proof of the soundness of the latter approaches. In particular, it proves 42 the so-called fusion hypothesis employed by Affleck and Ludwig in their CFT calculation of this spectrum. 22, 23 As is well-known from CFT, 43 each of the fixed-point values E NFL can be associated with the scaling dimension of one of the operators characterizing the fixed point. The occurrence of E NFL 's that are not simply integers or half-integers is thus a very direct sign of NFL physics, since these correspond to nonfermionic operators.
Our NFL spectrum demonstrates explicitly that the spin anisotropy is irrelevant at the NFL fixed point, 18 since if we take the continuum limit ⌬ L →0 at fixed ⌫, the fixed point spectrum is evidently reached independently of the specific value of ⌫. More formally: the symmetry of our anisotropic starting Hamiltonian with respect to transformations in the charge, spin and flavor sectors is U(1) c ϫU(1) s ϫSU(2) f , i.e., in the spin sector it is only invariant under spin rotations around the z axis; in contrast, Affleck and Ludwig derived the NFL fixed point spectrum by assuming it to have the complete U(1) c ϫSU(2) s ϫSU(2) f symmetry of the free model. The fact that the low-energy part (ӶT K ) of our NFL fixed point spectrum coincides with theirs beautifully illustrates how the broken symmetry of the original model is restored in the vicinity of the NFL fixed point, and thus proves another central assumption of the CFT solution of the 2CK model, in agreement with the NRG study of Pang and Cox. 17 The fact that the exact eigenenergies of HЈ interpolate smoothly between their values for Ќ ϭ0 and Ќ 0 ͓Fig. 3͑b͔͒ may at first seem somewhat surprising, because a common way of heuristically characterizing a NFL is that its quasiparticles are orthogonal to the bare ones of the corre -FIG. 3 . Evolution of the many-body finite-size spectrum of the 2CK model, for antiperiodic boundary conditions ( P 0 ϭ1), from the free Fermi-liquid fixed point to the NFL fixed point, and the additional crossover induced by a local magnetic field to a phaseshifted Fermi-liquid fixed point. All eigenstates of HЈ of Eq. ͑50͒ are shown for which E NFL р1, as well as some higher-lying states, with degeneracies given in brackets ͑in Ref. 4 , the degeneracies for E NFL ϭ1 were incorrect͒. ͑a͒ When z is tuned from 0 to its EmeryKivelson value z ϭ1, with Ќ ϭ d ϭ0, the free Fermi-liquid spectrum E free at z ϭ0 evolves smoothly into a simple phase-shifted spectrum
is tuned from 0 to ϱ along the EK line, i.e., with z ϭ1 and d ϭ0, the spectrum crosses over from E phase to the non-Fermi-liquid spectrum E NFL at ⌫/⌬ L ϭϱ, which agrees with NRG and CFT results. ͑c͒ Turning on a local magnetic field d ϭh i ͑with h e ϭ0) by tuning ͉ d ͉/⌫ from 0 to ϱ with z ϭ1, ⌫ӷ⌬ L fixed, then induces a further crossover from E NFL to E ph . For the lowest levels this crossover occurs when ͉ d ͉/⌫տ1, since then the crossover parameter used in Fig. 2 
The E ph spectrum is identical to the phase-shifted spectrum E phase of z ϭ1 and Ќ ϭ d ϭ0, apart from a degeneracy factor of 2 due to the lack of spin reversal symmetry. 
. We list all energies Eр1 ͑in units of ⌬ L ) and give their total degeneracies in brackets. Fig. 2͑b͒ , yields the magneticfield-induced crossover, shown in Fig. 3͑c͒ , from the NFL fixed point energies E NFL to a set of energies E ph corresponding to a phase-shifted Fermi liquid fixed point. For T h /⌬ L ӷ1, the impurity level evidently becomes empty for all lowlying states, ͗c d † c d ͘ϭ0, i.e., the impurity spin is frozen in the state S z ϭ⇓. Indeed, the spectrum E ph which one recovers is precisely the same phase-shifted spectrum as E phase at the point z ϭ1 and Ќ ϭ0, apart from a degeneracy factor of 2, due to the lack of spin reversal symmetry, compare Table I . This shows nicely how the magnetic field ''erases'' all traces of NFL physics for the lowest-lying part of the spectrum, since low-energy electrons cannot overcome the Zeeman energy cost for a spin flip in a magnetic field.
F. Finite-size behavior of physical quantities
Let us now briefly discuss the finite-size, Tϭ0 behavior of the entropy, susceptibility, and the fluctuations in N x at the NFL fixed point. The entropy of the ground state at T ϭ0, d ϭ0 is evidently simply ln 2 for any L, since the ground state is twofold degenerate ͑see Fig. 3͒ . This should be contrasted 44 with the famous result 1 2 ln 2 that one obtains 23͑c͒ taking the limit L→ϱ before T→0. The difference simply illustrates that the order of limits does not commute, since for finite L the system is always gapped.
The susceptibility at Tϭ0 due to a local field h i is defined by ϭϪ‫ץ‬ 2 Ẽ G /‫ץ‬h i 2 . Since Ẽ G ϭE G ϩ␦E G , we simply have to evaluate ͓by Eqs. ͑53͒, ͑62͔͒ the sum ϭ
. For h i ϭ0, the summands can be determined by differentiating Eq. ͑61͒, giving
͑76͒
The fact that (h i ϭ0)→ϱ as L→ϱ is of course a characteristic sign of 2CK NFL physics: it illustrates the instability of the NFL phase with respect to a local symmetry breaking. 40 At finite temperatures T takes over the role of the infrared cutoff ⌬ L , so that the susceptibility diverges logarithmically with T. 19, 2 The fluctuations in N x can be quantified by calculating
. In Appendix C 6 this is done at d ϭ0 for the physical ground state of S phys for both Pϭ0 and 1. 37 We find that ͗N x ͘ϭ0 for arbitrary ratios of ⌫/⌬ L , showing that the ground state contains equal amounts of spin from both flavors jϭ1,2, as expected from the 2CK model's flavor symmetry. Furthermore, ͗N x 2 ͘ϭP/4 for ⌫/⌬→0, as expected intuitively, since in this limit the considered ground states are linear combinations of states with N x ϭϮP/2. In contrast, in the limit ⌫/⌬ L ӷ1, the fluctuations diverge logarithmically with system size, ͗N x 2 ͘Ϸ(1/
2 )ln ⌫L, illustrating how strongly the impurity perturbs the Fermi sea at the NFL fixed point.
VI. RELATION TO VARIOUS RG METHODS
In the literature several RG methods have been applied to the multichannel Kondo model. In this section we relate these to our finite-size bosonization technique, by showing how the strategies employed by them can be implemented, in an exact way, within the latter.
A. High-energy cutoff scaling techniques
The most common types of RGs are the ones used in particle physics and in the standard treatment of critical phenomena. In these RG procedures, one reduces a high-energy cutoff, say D , in order to gradually eliminate some highenergy degrees of freedom, arguing that they only slightly influence the low-energy physics of the system. The change in the cutoff must be compensated by rescaling the model's dimensionless coupling constants and masses in order to keep the physical properties ͑different inherent energy scales and dressed masses͒ invariant. These kinds of scaling procedures, which include Anderson's poor man's scaling, 45 the multiplicative RG, 6 and the Yuval-Anderson RG, 46 have been widely used in the continuum limit (L→ϱ) to study the multichannel Kondo model. 47, 48, 1, 7, 49 In our case the high-energy cutoff D can be identified with the cutoff 1/a of the boson fields ␣ j , D ϳ1/a. Then the scaling dimension ␥ of an operator with dimensionless coupling can be determined from the scaling equation
, and the operator is relevant, marginal or irrelevant for ␥Ͻ0, ϭ0, or Ͼ0, respectively. Now, along the EK line one immediately obtains the scaling equations
The first, which follows from the requirement of the invariance of the Kondo scale ⌫ϭ Ќ 2 /4a, shows that Ќ is relevant and grows under bandwidth rescaling, with dimension Ϫ1/2. As explained earlier, the second equation follows from the absence of the leading irrelevant operator at the EK line.
͑83͒
The leading dependence on the local magnetic field via 
.
͑84͒
This implies that the leading operator that appears as one moves away from the EK line has dimension 1/2 and is irrelevant. Thus, the EK line is stable against perturbations away from it.
In the presence of a local magnetic field d ϭh i , one finds in the continuum limit ⌬ L Ӷ⌫,h i that the ground state degeneracy is split by an amount
͑85͒
This shows that the magnetic-field behavior along the EK line is not completely generic, since it misses this part of the h i dependence of the magnetic-field-induced crossover. Note that the ͉h i ͉/⌫ ln͉h i ͉/⌫ behavior that occurs for a local magnetic field of intermediate strength is consistent with the conclusions of the NRG studies of Ref. 18 for the h i -dependence of a certain phase shift that can be used to characterize the NRG spectra. Finally, we would like to comment here on the identification of the Kondo scale T K . In Sec. V B we showed that the crossover scale below which the finite-size spectrum takes its fixed-point form ͑at h i ϭ0) was ⌫, and hence concluded that T K Ӎ⌫. This differs from the suggestion of Sengupta and Georges 26 that the Kondo scale in the anisotropic 2CK model close to the EK line is not ⌫ but rather ⌫/(␦ z ) 2 . This scale emerged naturally in their calculation of the total susceptibility enhancement due to the impurity, which yielded imp ϳ(␦ z ) 2 /⌫ ln(⌫/T) ͑at h i ϭ0). However, the factor (␦ z ) 2 only expresses the fact that the amplitudes of the leading irrelevant operators vanish on the EK line, so that the characteristic logarithmic features appear only in second order in ␦ z . The fact that the scale above which these logarithmic features vanish is TӍ⌫, not TӍ⌫/(␦ z ) 2 , supports our above conclusion that it is rather ⌫ that should be identified as the Kondo scale.
VII. SINGLE-CHANNEL KONDO MODEL
The methods used above can also be applied, with minor modifications, to the single-channel Kondo ͑1CK͒ model. This is done in Appendix D. The main difference to the 2CK case is of course that both the weak and strong-coupling fixed points are Fermi liquids, but they are again connected by a line, called the ''Toulouse point,'' along which the model is exactly solvable. The main results of Appendix D are summarized in Fig. 4 , which shows the finite-size crossover spectrum of the 1CK model. It nicely illustrates the fact, first discussed by Wilson, 50 that both the two weak-and strong-coupling fixed-point spectra correspond to free fermions, which satisfy, however, different boundary conditions ͑antiperiodic or periodic, respectively͒.
VIII. DISCUSSION AND CONCLUSIONS
The main general conclusion of our work is that constructive finite-size bosonization is an unexpectedly powerful tool FIG. 4 . Evolution of the many-body finite-size spectrum of the 1CK model, for antiperiodic boundary conditions ( P 0 ϭ1), from the free Fermi-liquid fixed point to the strong-coupling Fermi-liquid fixed point. All eigenstates of HЈ of Eq. ͑D28͒ are shown for which E FL р1, as well as some higher-lying states, with degeneracies given in brackets. ͑a͒ When z is tuned from 0 to its Toulouse-point value z *ϭ2Ϫͱ2, with Ќ ϭ d ϭ0, the free Fermi-liquid spectrum E free at z ϭ0 evolves smoothly into a simple phase-shifted spectrum E phase at z ϭ z * . ͑b͒ When ⌫/⌬ L ϭ Ќ 2 /(4a⌬ L ) is tuned from 0 to ϱ at the Toulouse point, i.e., with z ϭ z * and d ϭ0, the spectrum crosses over from E phase to the strong-coupling Fermiliquid spectrum E FL at ⌫/⌬ L ϭϱ. The latter is identical to the free Fermi-liquid spectrum ( z ϭ Ќ ϭ d ϭ0) for periodic boundary conditions ( P 0 ϭ0), in agreement with Wilson's NRG results ͑Ref. 50͒.
for investigating quantum impurity problems. First, for the 2CK model, it enables one to analytically calculate by elementary means the crossover along the EK line of the finitesize spectrum ͑and the corresponding eigenstates͒ between the free Fermi liquid and the NFL fixed point. Although the fixed point spectrum had already been obtained by means of conformal field theory, 23, 26 this crossover had hitherto been tractable only with the NRG, and has been beyond the reach of all analytical approaches used to study this model. Moreover, the ability to treat the crossover explicitly allowed us to prove in a direct way the two central assumptions on which Affleck and Ludwig's very elegant CFT solution is based, namely, that spin anisotropy is irrelevant so that the NFL fixed point has the same U(1) c ϫSU(2) s ϫSU(2) f symmetry as the free model, and the fusion hypothesis for the operator content of the NFL fixed point.
Secondly, finite-size bosonization can deal without much additional effort with symmetry-breaking perturbations, such as a finite magnetic field ͑or channel symmetry breaking, 13 which was not discussed here, but can be included by a straightforward extension of our methods͒. Indeed, it is to be expected that the methods developed here can fruitfully be applied to a number of related quantum impurity problems. For example, an adaption of our finite-size refermionization approach was very recently used to rigorously resolve a recent controversy regarding the tunneling density of states at the site of an impurity in a Luttinger liquid. 31 Other potential applications would be to the generalized Kondo models studied by Ye, 27 or by Moustakas and Fisher, 25, 53 or by Kotliar and Si. 28 Thirdly, finite-size bosonization allows one to mimic in an exact way the strategy of standard RG approaches such as poor man's bandwidth rescaling and finite-size scaling; thus it should be useful also as a pedagogical tool for teaching and analytically illustrating RG ideas.
Coleman and co-workers 12, 13 have proposed a ''pedestrian solution'' of the 2CK model, in which it is argued that many of its properties can be calculated using a so-called ''compactified model'' involving only a single channel of spinful conduction electrons. This model was argued to represent that part of the 2CK model that is left over when one ''factorizes out'' the charge and flavor degrees of freedom. Indeed, using field-theoretic bosonization, Schofield showed that there is a formal correspondence between the compactified model and our H Ќ of Eq. ͑27͒ ͑which involves only s and x ), and that it yields the same results as the 2CK model for the impurity contribution to thermodynamical properties. In this sense, the compactified model can be viewed as an effective model for calculating impurity properties. However, as first emphasized by Ye, 27 it is not equivalent to the original 2CK model, since Schofield's arguments ignored the fact that there are gluing conditions such as Eq. ͑20͒ between the c, f sectors and the s,x sectors. As long as these are ignored, the compactified model can not be used to calculate conduction electron properties, since that requires adding back the contributions from the charge and flavor channels.
Our constructive bosonization approach allowed us to clarify this issue completely: it makes precise in what sense the c and f sectors can be ''factorized out,'' rigorously yields an appropriate model for the remaining s and x sectors, emphasizes the gluing conditions between the c, f and s,x sectors, and shows how they can be used at the NFL fixed point to combine the contributions from all four sectors to obtain the NFL fixed point spectrum. ͓An alternative way of doing this explicitly was found by Bradley, Bulla, Hewson, and Zhang, 15 using the equivalence of the compactified model to a certain O͑3͒ symmetric Anderson model.͔ Maldacena and Ludwig 30 have used CFT to show that Affleck and Ludwig's CFT solution can be reformulated in terms of free boson fields y (x) satisfying certain asymptotic boundary conditions. Ye 27 reproduced this result using fieldtheoretic bosonization at the EK line ͑in the continuum limit͒ invoking scaling arguments. We have shown in Ref. 4 ͑and will elaborate this in a future publication 36 ͒ that these results can be reproduced with great ease by simply taking the continuum limit L→ϱ of our above finite-size calculation. In fact, this allows us to check explicitly Affleck and Ludwig's results for electronic correlations functions.
In summary, using finite-size bosonization we have calculated analytically and from first principles, but in a conceptually straightforward way, the crossover of the finite-size spectrum of the 2CK model from the free to the NFL fixed point. This enabled us to elucidate the nature of the NFL excitations and to perform a detailed finite-size scaling analysis of the NFL fixed point.
